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Abstract—A new correlation is presented to describe mass and heat transfer to a fluid in a fully
developed turbulent flow in a pipe. The correlation differs from earlier empirical relations in that it is
based on a theoretical continuous eddy-viscosity distribution from the wall to the center of the pipe.
Transfer rates calculated from the new correlation are in excellent agreement with experimental data
on mass and heat transfer to fluid streams.
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NOMENCLATURE

concentration of diffusing species;

concentration at the wall;

time-average concentration;

heat capacity;

molecular diffusivity;
functional notation;
conversion constant;
mass-transfer coefficient;
Nusselt number;

Prandtl number;
Schmidt number;
Stanton number;
temperature at the wall;
temperature;

average temperature;
dimensionless velocity;
distance from the wall;
yU,[v;

molecular viscosity;
kinematic viscosity;
density of fluid;

eddy viscosity;

eddy diffusivity for mass;
eddy conductivity;

shear stress at the wall;
Stanton number for mass;
Stanton number for heat;

fluctuating velocity in the axial

direction;

fluctuating velocity in the radial

direction;
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uv, Reynolds stress.

INTRODUCTION

THE turbulent exchange of momentum, mass,
and heat in the vicinity of a boundary is
encountered in many engineering processes. It
is well established [1, 2, 3] that in the vicinity
of a boundary the turbulent exchange of
momentuim, mass, and heat is governed not only
by molecular motion but also by an eddy
motion. To predict rates of mass and heat
transfer between a moving fluid and a wall it is
therefore essential to understand the mechanism
of eddy motion in the vicinity of a wall. Unfor-
tunately very little is known about the distribu-
tion of eddies very close to the wall. In the past,
due to the absence of both theoretical analyses
and experimental data for the region close to
the wall, a number of empirical expressions have
been proposed for eddy-viscosity distributions
near a wall. An excellent review of several such
existing correlations for fully developed turbu-
lent flow in a pipe with constant fluid properties
has been presented by Sherwood [3].

Recently Wasan, Tien, and Wilke [4] pointed
out that most of the proposed eddy-viscosity
distributions do not satisfy the theoretical
criterion which states that the turbulent contri-
bution to Reynolds stress wv near the wall is
proportional to y” where n is not less than three,
This criterion was first derived by Townsend [5].
Also, all the previous analyses are based on the
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concept of three sharply defined fluid layers,
namely laminar sublayer, buffer, and turbulent
layers. However, according to these authors [4],
and also Gowariker [6], this concept of three
different fluid layers leads to an unrealistic dis-
continuity in the value of the eddy-viscosity
function with respect to that obtained from
logarithmic distribution in the turbulent core.
Rannie [7] and Sleicher [8] in their analyses
avoided this point of discontinuity, but the
eddy-viscosity functions of both of these authors
do not give satisfactory relationships for
analogy expressions for heat- and mass-transfer
rates for systems with high Schmidt or Prandtl
numbers. From velocity-variation data and from
turbulent shear-stress data of Laufer [9] it is
evident that the degree of turbulence in the
moving fluid varies continuously from the wall
to the axis of a pipe. Hence, the concept of three
distinct fluid layers would appear to be incorrect.

By using the equations of mean motion and
the well established empirical logarithmic velocity
distribution in the turbulent core, Wasan, Tien,
and Wilke [4] have derived theoretical expressions
for the continuous variation of velocity and eddy
viscosity for the wall region of pipe flow. The
distributions of these authors fit the experi-
mental data on velocity and turbulent shear
stress over the wall region. Their velocity and
eddy-viscosity distributions for the wall region
(0 < y*+ < 20) are presented in equations (1)
and (2) as follows:

Ut = y+ — 1-04 x 10~4 p=* + 303 x 10-8 y+5,
M

and

e 416 X 104 yt3 — 1515 x 1076 y+

v 1 — 416 X 103y + 1515 x 106y +4

@)

We present correlations relating the fluid
friction and turbulent-exchange rates of mass
and heat over a wide range of Schmidt and
Prandtl numbers based on these distributions.
The corresponding concentration and tempera-
ture distributions for the wall region of pipe
flow are also presented.

ANALYSIS
Consider a fully developed turbulent flow of
fluid with constant properties in a pipe having

walls kept at a constant concentration Cw or at
a constant temperature 7w. Mass or heat is
transferred to the fluid stream both by molecular
and by eddy motions. As is customary, the
shear—stress, mass-transfer, and heat-transfer
fluxes can be written as the sum of molecular
and turbulent fluxes as follows:

du

78 = (k0 + pen) dy” (3)
dcC
Na=(D+ ) 5 4
1= ( €q) dy 4)
and
dr
= pcplk ¢ s 5
g = pcplk + € dy (5)

where 7 is the shear stress at a plane parallel
to the wall, N 4 is the mass flux, and ¢ is the heat
flux across a plane parallel to the wall.

To solve (3), (4) and (5), several assumptions
are usually made [3]. First, in the wall region
the shear stress -, mass-transfer flux N4, and
heat-transfer flux ¢ are assumed to be constant
and equal to the value at the wall. Second, in
the fully turbulent region the variation of shear
stress, mass transfer, and heat transfer is such
that 7/N4 and t/g are constant, and molecular
viscosity p, molecular diffusivity D and thermal
conductivity & can be neglected. Third, in the
case of mass transfer the interfacial velocity
is assumed to be negligible. The last important
assumption is that eddy diffusivities of momen-
tum e, mass ¢g and heat . are equal.

Now, by combinations of (3) and (4) and
after integration, for the turbulent region one
obtains

Cuvg - C] o PNAW (6)
Uavg — Uy Twge’
where Cgyy and Uy refer to the average con-
centration and velocity respectively, and C, and
U, refer to concentration and velocity each
corresponding to y* = 20. After combining (1)
and (6) one gets

- Naw Unegll — 13:0+/(f/2)],
Twgc
{7)

where the concentration C,; corresponding to
y*+ = 20 is determined as follows:

Cavg — (1=
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In the wall region equation (4) can be re-
written as

- Twge\ (1 | e\ dC
N [ER M
Integration of (8) gives
NAW’ 20 dy+
C,— Cw =~ —. (9
o = oo ) e ©

Therefore, from (7) and (9) there results

. pNaw
Cavg - CW = Tlfl’éj Uavg [1 — 130 \/(f/Z)]
- Naw_ j oA
TV wgedp) Jr (1Se + ¢fv)”
But the mass flux N 4w at the wall can be given
by the expression

(10)

Naw = ke (Cavg — Cw). (1
Hence, from (10) and (11) the expression for
mass-transfer Stanton number in terms of
Schmidt number and friction factor becomes
ke
Sty =
wm (J’a?)g
2

20 dy+
1+ V(2 ”0 (/S £ )~ 13’0}

where /v is given by equation (2).

Similarly from (3) and (5) the expression for
heat-transfer Stanton number in terms of
Prandtl number and friction factor can be
obtained as

o [
Stv = T GTDRPr, 30) - 1307 1D

CONCENTRATION AND TEMPERATURE
DISTRIBUTIONS

When (8) and (10) are combined, the expression
for the concentration distribution becomes
C— CW,_ . F(Sc, y*)
Cavg — Cw~ F(Sc, 20) + +/(2/f) — 130
(14)

Similarly the temperature distribution is obtained
as

T—Tw F(Pr, y+) -
Tasg — Tw  F(Pr, 20) + +/(2/f) — 130°
(15)
where
I LA A
F(Pr, y+)—L ek (16)

Equations (14), (15) and (16) give the concentra-
tion and temperature distributions in the wall
region of a pipe flow.

The functions F(Sc or Pr, y*) and F(Sc or
Pr, 20) appearing in (13) and (15) involve the
integrals which cannot be solved in closed forms.
These were obtained by numerical integration
using Simpson’s one-third rule with a digital
computer. These functions are shown in Table 1
for Sc or Pr numbers over a range of 0:1 to
10 000.

DISCUSSION
In Fig. 1 the function F(Sc, y*) or F(Pr, y*) is
shown for the range of Schmidt and Prandtl
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FiG. 1. Plot of F(Sc, y*) or F(Pr, y*) vs. y*.
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Table . Tabulation of functions F(Sec, y*) or F(Pr, y*)
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FiG. 2. Plot of F(S¢) vs. Sc or F(Pr) vs. Pr.

numbers from 0-5 to 10000. Fig. 2 shows the
calculated values of the function F(Sc¢, 20) or
F(Pr, 20). For rapid calculation purposes the
function shown on Fig. 2 can be approximated
with a maximum error of +2 per cent as follows:
For turbulent diffusion in gases the function
F(Sec, 20) can be represented by the equation

F(Se, 20) = 13-0 (Sc)®8°, where 0-2 <7 Sc < 2.
(17)

For diffusion in liquid streams the following
equation is proposed:

F(Sc, 20) = 17-25 (Sc)*%,

where 100 < Sc¢ < 10000.  (18)

For the intermediate range of Schmidt and
Prandtl numbers the function F can be given
by the equation

F(Se, 20) = 13-8 (Sc)*™, where 2 < Sc < 100.
(19)

In Figs. 3 and 4 the proposed mass- and heat-
transfer Stanton-number relationship is com-
pared with heat- and mass-transfer data of many
workers at Reynolds numbers of 10000 and
25000. The experimental points representing a
mean through the data are the ones chosen by
Deissler except for the datum point of Meyerink
and Friedlander [11] which was taken from their
mean curve through the data. The proposed
expression agrees very well with the data over a
wide range of Schmidt and Prandtl numbers.
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FiG. 3. Comparison of present theory with experimental
data at a Reynolds number of 10 000.
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Fig. 5 shows a comparison of the values
calculated from the proposed Stanton number
relationship at a Reynolds number of 50000
with those calculated from the expressions of
Deissler [10], Gowariker [6], Lin, Moulton and
Putnam {13}, Rannie [7}, and von Karman [14].
It is noted that von Kdrmdn’s relationship
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e
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FiG. 5. Comparison of several analogies at a Reynolds
number of 50 000.
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gives too low results and Rannie’s expression
gives too high results at large Schmidt and
Prandtl numbers. However, our correlation
agrees very well with those of Lin, Moulton and
Putnam, and Deissler.

By combinations of (12) and (18), .we express
Stanton number in terms of Schmidt number and
friction factor for large values of Schmidt
number by

St = 0058 /(f]2) (Sc)~068, (20)
It is of interest that the exponent on the Schmidt
number as given by (20) is in agreement with the
Chilton and Colburn analogy [15].

The curves for heat and mass transfer expressed
in the form of Nusselt numbers are shown in
Fig. 6. The Nusselt number for mass transfer
(i.e. the Sherwood number) can be correlated
by the following expressions:
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FiG. 6. Nusselt number vs. Reynolds number at various
Schmidt or Prandtl numbers.

(f72) (Re) (S¢)

MU= 1 2) 130 (50— 130]
for 0-2 <C Sc¢ < 2, (21)
Ny (12) (Re) (So)

14 V(f72) 138 (S — 13:0]
for 2 :< Se < 100, (22)

and Nu = (0-058) v/(f/2) (Re) (Sc)°3
for 100 < Sc < 10000. (23)

Heat transfer Nusselt numbers can be obtained
by replacing Schmidt numbers by Prandtl
numbers in the above expressions. These
expressions for Nusselt numbers are based on
the difference between wall and average con-
centration or temperature.

CONCLUSIONS

We show that agreement between predicted
values and experimental data of mass- and heat-
transfer rates supports the use of the proposed
eddy-viscosity distribution function. Our pre-
dicted transfer rates agree very well with those
calculated from Lin, Moulton and Putham
relationships, which are in excellent agreement
with experimental data. Our proposed eddy-
viscosity expression is useful because it applies
to the whole wall region of pipe flow and is
developed on a sound theoretical basis. It would
also appear that the previous concept of sharply
defined fluid layers is not necessary.

To calculate mass- and heat-transfer rates,
simplified equations in the form of equations (17),
(18) and (19) can be used to predict the compli-
cated functions F(Sc) and F(Pr). Also, simplified
equations in the form of equations (21), (22) and
(23) are proposed to predict heat- and mass-
transfer Nusselt-number relationships.
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Résumé—Les auteurs présentent une nouvelle expression du transport de chaleur et de masse pour

un fluide en écoulement pleinement turbulent dans une conduite. Cette expression différe des relations

empiriques précédentes en ce qu'elle est établie 4 partir d’'une distribution de viscosité turbulente

continue de la paroi vers le centre de la conduite. Les coefficients de transport calculés 3 partir de la

nouvelle corrélation sont en excellent accord avec les données expérimentales de transport de chaleur
et de masse dans les écoulements fluides.

Zusammenfassung-—Zum Beschreiben des Stoff- und Wirmeiiberganges an ein Fluid in voll ent-
wickelter turbulenter Rohrstromung wird eine neue Bezichung angegeben. Von &lteren empirischen
Bezichungen unterscheidet sie sich dadurch, dass sie auf einer theoretischen kontinuirlichen Ver-
teilung der Wirbelviskositdt von der Rohrwand bis zur Achse beruht. Mittels dieser neuen Bezichung
berechnete Ubergangswerte stimmen mit Versuchsergebnissen ausgezeichnet iiberein.

AuHoranua—/laeTca HOBOE COOTHOIIEHNE JJIA ONHCAHUA IIpOIecca IMepeHoca Temaa u

BEHIECTBA K MMUJKOCTH HPH TIOJIHOCTBIO PAZBUTOM TYpOVIEHTHOM TedeHun B Tpyle. HITO

COOTHOUICHNE® OTJIIMYAECTA OT IMPEABIYINNX SMIHMPHYECKUX COOTHOUIEHHIT TeM, YT0 OHO

OCHOBAHO WA TEOPETHUECKOM DACHpefesieHUN TYPOYIEHTHOH BABKOCTA OT CTOUHM K HEHTpY

pyGul. CrOpOCTH MepeHoca, BHUHCISHHHE ¢ MOMOIIBI) HOBOH KOppeIAUMH, XOPOHO €O-

TAACYIOTCA € OKCHepHMEHTAIbHHMHE JAHHBIMM 110 HEpeHocy Tenda W MaccH K HOTOKAM
HHTKOCTI,



